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Abstract
Stochastic Resonance (SR), known as a noise-enhanced phe-
nomenon, can improve the performance of communication
systems. In this paper, we present a preliminary study on
SR and its application to BPSK receiver. We discuss a basic
question arises from a receiver using SR that shall we per-
form SR process in a radio-frequency (RF) band or in a base-
band (BB)? As results, we have found that SR process in RF
band shows better Bit Error Rate (BER) performance. This
comes from the fact that a down conversion process that re-
duces the signal amplitude causes weak noise suppression by
SR. While a double frequency term obtained also by the down
conversion process do not affect much to the noise reduction
performance.

1. Introduction

The concept of stochastic resonance (SR) was originally
focused on the way of explaining the periodicity of primary
cycle of recurrent ice ages in 1982. SR provided a simple,
although not conclusive answer to this phenomenon [1, 2, 3].
In 1993, SR was demonstrated in mechanoreceptor neurons
located in the tail fan of crayfish, and it has been taken its
application to signal processing [4, 5].

The essential ingredients for SR consist of bistable system,
with two inputs and with an output that is some function of
the inputs and the internal dynamics of the system. For two
inputs, a coherent signal and random noise are usually con-
sidered. As we understand, for a system well characterized
by linear-response theory, an increase in input noise will re-
sults in a decrease in the output signal-to-noise ratio (SNR).
In contrast, because of non-linear nature of SR, an increase in
input noise can improve the output SNR [1, 2, 3]. To the au-
thors’ knowledge, this amazing feature of SR, the noise sup-
pression, has been disregarded many researchers in the filed
of communication engineering [5].

As a nature of communication systems, this noise input can
be the background noise and an application of SR to commu-
nication system is straightforward. Another aspect of com-
munication systems using SR is that some non-linear circuits
used for communication systems, such as a comparator and a
hard-limiter, exhibit SR phenomenon.
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Figure 1: Double well potential minima at ±c.

In this paper, as a preliminary study on an application of
SR to communication systems, we present a bi-polar pulse re-
ceiver and BPSK receiver using SR. We discuss two receivers
that perform SR process in a radio-frequency (RF) band and
in a baseband (BB).

The paper is organized as follows: In Sec. 2, we briefly ex-
plain SR modeled by a classical double-well potential [1]. In
Sec. 3, we present a bi-polar pulse receiver and how SR can
improve the output SNR by an increase of input noise vari-
ance. In Sec. 4, we present a BPSK transmitter/receiver using
SR. Here we compare BPSK receiver with SR process in a
RF band and that in a BB. In Sec. 5, we evaluate BER per-
formance of two receivers in Sec. 4 and discuss how their re-
ceived signals affect their performances. Finally, Sec. 6 con-
cludes the paper.

2. Stochastic Resonance

We consider the stochastic process modeled as a double-
well form, as shown in Fig. 1. The process can be written
by

dx

dt
= −∂U(x)

∂x
+ s(t) + n(t), (1)

U(x) = −a
2
x2 +

b

4
x4, (2)

where x is the output of SR, s(t) is the input of SR, n(t) is
zero-mean white Gaussian noise with variance σ2, and U(x)
is a potential of SR. This bistable double well potential is well
used for an explanation of SR mechanism.
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Figure 2: Frequency spectrum of SR: (a) Input, (b) Output.

In Fig. 1, the x-axis represents the SR output and y-axis
represents its potentialU(x). If no noise and no periodic forc-
ing, a particle spend most of time near ±c. As the input noise
variance increases, an occasional transition over the barrier
in the center occurs. The rate at which such jumps occur will
increase with the input noise variance[1].

Now if we add a periodic signal with small signal ampli-
tude, then the potential will tilt first to the right in a first cycle
and then to left in a next cycle. The periodic signal has the
effect of modulating the transition rate.

2.1. Noise suppression by SR

Let small amplitude sinusoid signal of Eq. 1 be

s(t) = 0.4 cos(0.4πt), (3)

and σ2 = 1，a = 1 and b = 1. Figure 2 shows the spectrum
of the SR input and the SR output. In this case, the input
signal is completely buried in noise as shown in Fig. 2(a),
the spectrum of the SR input (signal plus noise) is nothing
but noise. However, if we observe the SR output as shown
in Fig. 2(b), we see peaks near f = ±0.2Hz. We therefore
confirm the effect of SR that it suppresses the input noise.

3. Bi-polar pulse transmitter/receiver

We present a bi-polar pulse transmitter/receiver using SR
as shown in Fig. 3. For the receiver, the pulse signal with the
amplitude A buried in an additive noise is passed to the SR
process.

Let b(t) be the input data signal given by

b(t) =
∑
i

diψ(t− iTb), (4)

where di ∈ {+A,−A} is the data sequences, i is the index of
time, Tb is the duration time of the data, and ψ(s) is a bi-polar
pulse ψ(s) = 1 in 0 ≤ s < Tb and ψ(s) = 0 otherwise.

At the channel, the background noise n(t) assumed to be
zero-mean white Gaussian noise with variance σ2 is added
and then the received signal composed of b(t) and n(t) is fed
into the SR process to suppress the background noise.

+

n (t )
SR

t
+A

-A

Figure 3: Bi-polar pulse receiver using SR.

3.1. The SNR improvement
The SNR curves at the SR output are shown in Fig. 4. We

denote the SNR from the power spectrum density (PSD) of
the SR output that is given by integrating Eq. 1. We set the
amplitude of the input signalA = 8/

√
2, the sampling interval

is 0.005sec, and the potential parameters a = 32, b = 1 in
Eq. 2.

In Fig. 4, we denote the result given by a simulation with
points and the result given by the theory with solid line. The
theoretical SNR is expressed by rewriting (5.9) in [1]

SNR =

√
2a2A2

bσ4
e−

a2

2bσ2 , (5)

and by considering the signal bandwidth, the SNR is obtained
by (4.4) in [1],

SNR’ =
0.67

2π∆
SNR + 1, (6)

where ∆ is the bandwidth of the input signal. Because the
input signal has both the signal component and the noise
component, we add“ +1” to SNR. Equation 5 is given by
computing the PSD of the SR output in adiabatic theory with
Kramers rate in a double-well potential [1].

As we see from Fig. 4, the SNR curve is improved by an
increase of noise variance σ2. In this case the SNR at the SR
input (SNRin) is about −14.9 ∼ −11.9dB around the maxi-
mum for Eb/N0 at the SR output. Here Eb is the bit energy,
N0/2 = σ2 and SNRin is shown as by rewriting (48) in [4]

SNRin =
(A2/2)

(σ2/dt)∆
, (7)

where dt is the sampling interval. We, therefore, find the SR
input is buried in noise and the range of Eb/N0 that suppress
the noise in the very narrow range, −14.9 ∼ −11.9dB.
3.2. BER performance

We show the BER performance in Fig. 5. The simula-
tion result is presented in dashed line, and the theoretical re-
sult is presented in solid line. The theoretical result is given
by substituting the SNR of Eq. 6 to the equation BER =
0.5erfc

√
SNR. In Fig. 5 the BER performance is improved

by an increase of noise variance.

4. BPSK transmitter/receiver

A basic question arises from a receiver using SR is that
shall we perform SR process in a radio-frequency (RF) band
or in a baseband (BB)?
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Figure 4: SNR for SR characteristic.
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Figure 5: BER performance of bi-polar pulse receiver using
SR.

In this section, we present a simple BPSK transmitter and
two BPSK receivers using SR, as shown in Fig. 6. We con-
sider two situations:
(1) The received signal is first passed to the SR process prior
to a down conversion process as shown in Fig. 6(a), i.e., the
noise suppression by the SR process is performed in RF band.
(2) The received signal is first down-converted to BB and per-
forms the noise suppression by the SR process as shown in
Fig. 6(b), i.e., the noise suppression process is performed in
BB.

In this section, we focus on those two SR receivers and
discuss their performance in terms of BER.

4.1. BPSK Transmitter

We consider the classical problem of detecting the presence
of a known deterministic signal s(t) buried in an additive in-
put noise n(t).

Using the input data signal b(t), given by Eq. 4, and the
carrier fc, the transmitted signal s(t) is given by

s(t) = b(t) cos(2πfct). (8)

At the channel, the background noise is added and some
phase-shift is given. The received signal is given by

r(t) = b(t) cos(2πfct+ θ) + n(t), (9)

where n(t) is zero-mean white Gaussian noise with variance
σ2 and θ is a phase-shift.

)2cos( tfc

∫
bT

dt
0
)(b(t) +

)2cos( tfcn(t)

s(t) r(t)

SR

(a)

(b)

)2cos( tfc

∫
bT

dt
0
)(b(t) +

)2cos( tfc

s(t) r(t)

SR

n(t)

r’(t)

r’(t)

Figure 6: BPSK receiver model using SR: (a) SR is used be-
fore the carrier being multiplied, (b) SR is used after the car-
rier being multiplied.

4.2. BPSK receiver using SR in RF band

For the receiver shown in Fig. 6(a), the received signal r(t)
is first passed to the SR process prior to multiplication of the
carrier, i.e., the noise suppression is performed in RF region.

If we denote r′(t) as the signal passed through the SR pro-
cess, then r′(t) can be calculated by Eq. 1 and Eq. 2. We
then multiply the carrier, cos(2πfct+θ), to down convert the
signal.

r′(t) cos(2πfct+ θ) + n′(t) =

b(t)

2
+
b(t)

2
cos 2(2πfct+ θ)) + n′(t) (10)

Here n′(t) represents the down-converted and the SR pro-
cessed noise term n(t). Note that we assume the SR process
does not affect the signal component, but only reduces the
given noise variance.

Finally, the data is recovered by the integrated and dump
circuit and a threshold decision.

In this case, the noise suppression is performed in RF re-
gion and the received signal may be treated as it is. The de-
modulation process is performed after the SR process. From
a hardware perspective, it may be difficult to implement a SR
process in RF region.

4.3. BPSK receiver using SR in BB

For the receiver shown in Fig. 6(b), the received signal is
first down-converted to BB and performs the noise suppres-
sion process by the SR process, i.e., the noise suppression is
performed in BB. In this case, we simply replace r′(t) and
n′(t) in Eq. 10 to r(t) and n(t). Focusing only on the signal
terms, we have sum of b(t)/2 (the amplitude is a half) and
b(t)
2 cos 2(2πfct+ θ) (the double frequency term). These two

are fed into the SR process for the noise suppression.

5. BER evaluation by simulation

In this section we evaluate BER performance of two re-
ceivers shown in Fig. 6. We set the amplitude of the input
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Figure 7: Simulation result for BER of BPSK receiver using
SR in Fig.6

data A = 8，the data duration Tb = 160sec, the carrier fre-
quency fc = 0.2Hz, the sampling interval is 0.005sec, and
the potential parameters a = 32，b = 1 in Eq. 2.

Figure 7 shows the BER versus the noise variance σ2. As
we see from Fig. 7, the both BER curves are improved by
an increase in σ2, and then they slightly degrade depending
on a further increase in σ2. For the receiver having the SR
process in RF band (Fig. 7(a)), it achieves its minimum BER
at σ2 ' 300, while for the receiver having the SR process in
BB (Fig. 7(b)), it achieves its minimum BER at σ2 ' 250.
We also confirm that for the receiver having the SR process
in RF band, the BER curve slightly shift to right of the BER
curve of the receiver with the SR process in BB and it is better
than the receiver with the SR process in BB.

This performance difference may come from where we
perform the noise suppression by the SR, i.e., the input to
the SR having sum of b(t)/2 (the half amplitude term) and
b(t)
2 cos 2(2πfct+ θ) (the double frequency term) or not.
Here, we evaluate how the signal amplitude and frequency

would affect the noise suppression process of the SR. Fig-
ure 8(a) shows the BER performance in Fig. 6(a) for the SR
input signal having fc = 0.2Hz and fc = 0.02Hz. As we see
from the figure, two BER curves show same tendency that
they improves as an increase of σ2. If we compare those two
curves, we see that the curves with fc = 0.2Hz slightly shift
to right and the BER is worse than the case with fc = 0.02Hz.
This agrees with the results discussed in [1] that the SR can
be modeled as LPF. However, the result disagrees with the
BER shown in Fig. 7 that the SR process in RF band shows
better BER performance.

Next, we evaluate the effect of amplitude. Figure 8(b)
shows the BER performance in Fig. 6(a) for the SR input
signal having A = 8 and A = 10. Note that the SNRs ob-
served prior to the SR process are −13.7dB and −11.8dB at
σ2 = 300 given by Eq. 7. Therefore, both input signals are
buried in noise. From Fig. 8(b), we see the BER improvement
by the increase of the amplitude from 8 to 10. We therefore
confirm that more effect of the signal amplitude than the sig-
nal frequency, and the term b(t)

2 in Eq. 10 has large effect on
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Figure 8: Comparison for BER by varying the input ampli-
tude and carrier frequency.

the BER performance.

6. Conclusions
In this paper, we have investigated SR application to bi-

polar pulse receiver and BPSK receiver. For bi-polar pulse
receiver, we have found that the SR can improve the output
SNR and BER performance as well by an increase of input
noise variance. For BPSK receiver, we have also confirmed
the noise suppression by the SR. As results, the receiver us-
ing SR in RF band shows better BER performance than the
receiver using SR in BB. This comes from the fact that a
down conversion process that reduces the signal amplitude
causes weak noise suppression by SR. While a double fre-
quency term obtained also by the down conversion process
do not affect much to the noise reduction performance.
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